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Abstract. Generalizations of classical theta functions are proposed that include any even
number of analytic parameters for which conditions of quasi-periodicity are fulfilled and that
are representations of extended Heisenberg group. Differential equations for generalized
theta functions and finite non-unitary representations of extended Heisenberg group are
presented so as other properties and possible applications are pointed out such as a projective
embedding of tori by means of generalized theta functions.
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1 Introduction
The work fulfills generalization of classical theta functions (CTF) as they are described following
to lectures [1]. The aim was to use the next terms on summation index in the exponent function of
CTF including any even number of analytic parameters for which conditions of quasi-periodicity
hold true. The work was inspired by papers [2], [3] where ”nucleon structure functions are shown
to have a relation to the classical elliptic theta functions” and in [2] it was stated that theta
functions may be generalized, and by the paper [4] where it was shown that CTF is the partition
function for Hamiltonian of the string theory.
Saving notations for the CTF the formula of the minimal generalization of the CTF with the
next two and others up to N = 2m not pointed out here for simplicity parameters has the view
(see section 6 for unified notations for general case of N = 2m number of parameters):
Θ (z, τ, ρ, δ, · · · ) =
∑
n∈Z
exp{2piinz + piin2τ +
1
3
piin3ρ+
1
12
piin4δ + · · · }, (1)
where z, τ, ρ ∈ C and Imδ >0 in the case of four parameters (for the last parameter in the com-
mon case of any even number of them). Statements about domains of convergence of generalized
theta functions (GTF) are presented in Appendix.
This formula may be written in more short and useful form for any even number of analytic
variables:
Θ (z, τ, ρ, δ, · · · ) =
∑
n∈Z
exp{2piiϕ(n; z, τ, ρ, δ, · · · )}, (2)
ϕ(n) ≡ ϕ(n; z, τ, ρ, δ, · · · ) = zn+
n2
2!
τ +
n3
3!
ρ+
n4
4!
δ + · · · =
= ϕ(n;ϕ
′
n(0), ϕ
′′
nn(0), ϕ
′′′
nnn(0), ϕ
′′′′
nnnn, · · · ).
We see that ϕ(n) is self determined by its derivatives in zero point of summation parameter
”n” analytic function that defines, as is shown below in Section 2, quasi periodic property
that is an essence of theta function: to be ”unique” per current opinion [1] self determined quasi
periodic function of multiple parameters and be representations of generalized Heisenberg group,
finite non-unitary representations of which are presented in Section 3. Introducing a pair of new
parameters, it provides analytic continuation on parameter τ of the classical TF into lower part
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of complex plane C and at the same time represents successive and natural hierarchy that is so
important in physics.
Generalized theta functions with rational characteristics and projective embedding of tori by
means of GTFs with rational characteristics are presented in Section 4.
Equations for the generalized theta functions are represented in Section 5 the simplest of
which and more well-known are heat-type equations. In these processes imaginary parts of
parameters τ and δ have a time character relatively to a space character of parameters z and
τ respectively. In Section 6 the formulas for unified view in number of analytic parameters are
represented so as relations between parameters of quasi-periodicity are pointed out.
2 Quasi-periodic properties of GTF and extended Heisenberg
group
This formula preserves quasi-periodic property that in the case of four singled out parameters
has the view:
TaΘ(z, τ, ρ, δ, · · · ) =
= Θ
(
z + aτ +
a2
2
ρ+
a3
6
δ + · · · , τ + aρ+
a2
2
δ + · · · , ρ+ aδ + · · · , δ + · · ·
)
=
= exp{−2piiza − piia2τ − pii
a3
3
ρ− pii
a4
12
δ − · · · }Θa (z, τ, ρ, δ, · · · ) , (3)
where Θa (z, τ, ρ, δ, · · · ) and this formula can be written more concisely as following:
TaΘ(z, τ, ρ, δ, · · · ) = Θ
(
ϕ
′
(a), ϕ
′′
(a), ϕ
′′′
(a), ϕ
′′′′
(a), · · ·
)
=
= exp{−2piiϕ(a)}Θ(ϕ(n + a; z, τ, ρ, δ, · · · )) ≡ exp{−2piiϕ(a)}Θa (z, τ, ρ, δ, · · · ) , (4)
where ϕ(a) = ϕ(n = a) = ϕ(a; z, τ, ρ, δ, · · · ) = za+ a
2
2! τ+
a3
3! ρ+
a4
4! δ+ · · · and ϕ
′
(a) is a derivative
on parameter a, or ϕ
′
(a) = ϕ
′
a = ϕ
′
a(a) = ϕ
′
n(n)|n=a.
Remark, that ϕ
′
a(0) = z, ϕ
′′
aa(0) = τ , ϕ
′′′
aaa(0) = ρ, ϕ
′′′′
aaaa(0) = δ, · · · and equation (4) means
that in the case of any even number of parameters ϕ(n; z, τ, ρ, δ, · · · ) satisfies equation:
Ta
∑
n∈Z
exp{2piiϕ(n; z, τ, ρ, δ, · · · )} =
∑
n∈Z
exp{2piiϕ(n;ϕ
′
(a), ϕ
′′
(a), ϕ
′′′
(a), ϕ
′′′′
(a), · · · )} =
=
∑
n∈Z
exp{2pii[ϕ(n + a; z, τ, ρ, δ, · · · )− ϕ(a; z, τ, ρ, δ, · · · )]},
ϕ(n;ϕ
′
(a), ϕ
′′
(a), ϕ
′′′
(a), ϕ
′′′′
(a), · · · ) = ϕ(n+ a; z, τ, ρ, δ, · · · )− ϕ(a; z, τ, ρ, δ, · · · ) =
= nϕ
′
(a) +
n2
2!
ϕ
′′
(a) +
n3
3!
ϕ
′′′
(a) +
n4
4!
ϕ
′′′′
(a) + · · · .
Equations (3) and (4) for operators Ta1 and Ta2 satisfy relation: Ta1Ta2 = Ta1+a2 that
together with equations for translation operator Sb and commutator of Sb and Ta compose well
known Heisenberg group (HG) [1]:
Ta1Ta2 = Ta1+a2,
SbΘ(z, τ, ρ, δ, · · · ) = Θ (z + b, τ, ρ, δ, · · · ) , (5)
TaSb = exp{−2piiab}SbTa.
We see that there exist many parameter representations of the Heisenberg group.
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Besides these operators there are others:
Sb,c,d,e,···Θ(z, τ, ρ, δ, · · · ) = Θ (z + b, τ + c, ρ+ d, δ + e, · · · ) , (6)
TaSb,c,d,e,··· = exp{−2piiab − piia
2c− pii
a3
3
d− pii
a4
12
e− · · · }Sb,c,d,e,···Ta =
= exp{−2piiϕ(a; b, c, d, e, · · · )}Sb,c,d,e,···Ta. (7)
Θ (z, τ, ρ, δ, · · · ) function is invariant under translational subgroup Sb,2c,6d,24e,···, where
b, c, d, e, · · · ∈ Z.
The action of the element (λ, a, b, c, d, e, · · · ) of the extended Heisenberg group (EHG) of
quasi periodic transformations, where λ denotes multiplication on complex number with unit
norm, may be written as in [1]:
(λ, a, b, c, d, e, · · · )(λ′, a′, b′, c′, d′, e′, · · · ) =
= (λλ′exp{−2pii[ab′ −
a2
2!
c′ −
a3
3!
d′ −
a4
4!
e′, · · · ]}, a+ a′, b+ b′, c+ c′, d+ d′, e+ e′, · · · ) =
= (λλ′exp{−2piiϕ(a; b′, c′, d′, e′, · · · )}, a + a′, b+ b′, c+ c′, d+ d′, e+ e′, · · · ). (8)
So Θ (z, τ, ρ, δ, · · · ) function is representation of the extended Heisenberg group (λ, a, b, c, d, e, ...)
and the view of equation (4) gives an extended sight on the true nature of the theta functions.
3 Representations of the EHG in the space of parameters
Omitting in this section for simplicity ”three dots”,we can made a Statement 3.1: The action
of λSb,c,d,eTa elements of the extended Heisenberg group on parameters can be expressed by the
equation for non-unitary finite matrix representation:


1 a a2/2! a3/3! a4/4! − lnλ12pii
0 1 a a2/2! a3/3! b
0 0 1 a a2/2! c
0 0 0 1 a d
0 0 0 0 1 e
0 0 0 0 0 1




− lnλ22pii
z
τ
ρ
δ
1


=
=


− ln(λ1λ2)2pii + az + (a
2/2!)τ + (a3/3!)ρ + (a4/4!)δ
z + b+ aτ + (a2/2!)ρ + (a3/3!)δ
τ + c+ aρ+ (a2/2!)δ
ρ+ d+ aδ
δ + e
1


,
that may be regarded as solution of equation
Aˆa(−
lnλ2
2pii
, z, τ, ρ, δ, 1)t = (−
ln(λ1λ2)
2pii
+ ϕ(a), ϕ
′
(a), ϕ
′′
(a), ϕ
′′′
(a), ϕ
′′′′
(a), 1)t
relatively to matrix operator Aˆa for a given function ϕ(a) = ϕ(a, z, τ, ρ, δ) that evidently satisfies
the relation Aˆa2Aˆa1 = Aˆa1+a2 the same as Ta2Ta1 = Ta1+a2 and other EHG equations and may be
marked as EH6(R) that is different from the standard H3(R) finite non-unitary representations
of the HG that is in the right low corner 3× 3 part of the matrix.
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Many parameter non-unitary representation may be represented in the form similar to the
infinite dimensional one by the matrix equation:


1 0 0 0 0 0 0
− lnλ2pii 1 a a
2/2 a3/6 a4/24 ...
b 0 1 a a2/2 a3/6 ...
c 0 0 1 a a2/2 ...
d 0 0 0 1 a ...
e 0 0 0 0 1 ...
...
...
...
...
...
...
...
...
...




1
0
z
τ
ρ
δ
...


=


1
− lnλ2pii + az + (a
2/2)τ + (a3/6)ρ + (a4/24)δ
z + b+ aτ + (a2/2)ρ + (a3/6)δ · · ·
τ + c+ aρ+ (a2/2)δ · · ·
ρ+ d+ aδ · · ·
δ + e · · ·
...


,
but not equal to taking into account pointed out conditions of convergence.
4 Generalized theta functions with characteristics
Generalized theta functions with rational characteristics are obtained by transformations
Θ
[ a
b,c,d,...
]
(z, τ, ρ, δ, · · · ) = Sb,c,d,...TaΘ(z, τ, ρ, δ, · · · ) ,
or in the obvious form:
Θ
[ a
b,c,d,...
]
(z, τ, ρ, δ, · · · ) =
∑
n∈Z
exp{2pii[(n+a)(z+b)+
1
2!
(n+ a)2(τ+c)+
1
3!
(n+ a)3(ρ+d)+· · · ]}.
Relations between elements of the extended Heisenberg group denote relations and properties
of the generalized theta functions with characteristics.
In the case of four variables GTFs with characteristics are defined as Θ
[ a
b,2!c,3!d
]
(z, τ, ρ, δ),
where a,d ∈ ((1/l)Z/Z), c ∈ ((1/l2)Z/Z), b ∈ ((1/l3)Z/Z) of common dimension l7 .
Introduce complex torus Eτ,ρ,δ,··· = C/Λτ,ρ,δ,···, where Λτ,ρ,δ,··· = Z + Zτ + Zρ+ Zδ + · · ·.
In the case of the four arguments define for each z, τ, ρ ∈ C the set of l7 GTFs with char-
acteristics {· · · ,Θi(l
3z, l2τ, l1ρ, δ), · · · }, where Θi = Θ
[ ai
bi,2!ci,3!di
]
, 0 ≤ i ≤ l7 − 1 , that with
precision up to multiplication on some constant represent points of the projective space P l
7−1
C ,
so as in the next paper it will be shown that the roots of GTF with different characteristics are
different.
For N arguments the dimension of equivariant set of GTF will be lp, where p = 1+N(N−1)/2.
Statement 4.1
The holomorphic mapping, in the case of the four variables for simplicity, can be defined as:
ϕl : Eτ,ρ,δ → P
l7−1
C , z, τ, ρ, δ → {· · · ,Θi(l
3z, l2τ, l1ρ, δ), · · · }.
Proof.
So as {· · · ,Θi(z + l, τ + 2!l, ρ + 3!l, δ + 4!l, · · · ), · · · } = {· · · ,Θi(z, τ, ρ, δ, · · · ), · · · } and
{· · · ,Θi(z + lτ +
l2
2!ρ+
l3
3!δ + · · · , τ + lρ+
l2
2!δ + · · · , ρ+ lδ + · · · , δ + · · · , · · · ), · · · } =
= λ{· · · ,Θi(z, τ, ρ, δ, · · · ), · · · } where λ = exp{−2pii(lz +
l2
2!τ +
l3
3!ρ +
l2
4!δ + · · · )}, then explicit
action of the extended Heisenberg group Ua;b,2!c,3!d on the embedded set of generalized theta
functions with characteristics into projective space P l
7−1
C is the following:
ϕl(z +
a
l
τ + 12!(
a
l
)2ρ+ 13!(
a
l
)3δ + b
l3
, τ + a
l
ρ+ 12!(
a
l
)2δ + 2! c
l2
, ρ+ a
l
δ + 3!d
l
, δ) =
= {· · · ,Θi(l
3z + a1! l
2τ + a
2
2! lρ+
a3
3! δ + b, l
2τ + a1! lρ+
a2
2! δ + 2!c, l
1ρ+ aδ + 3!d, δ), · · · } =
= {· · · , Ua;b,2!c,3!dΘi(l
3z, l2τ, l1ρ, δ), · · · } = {· · · ,
∑
j cijΘj(l
3z, l2τ, l1ρ, δ), · · · }, that are linear
combinations of Θi-functions according to representation Ua;b,2!c,3!d .
So, generalized theta functions with rational characteristics provide projective embedding of
torus C/Λτ,ρ,δ,···, where Λτ,ρ,δ,··· = Z + Zτ + Zρ+ Zδ + · · ·.
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From the previous construction and group’s properties of EHG it evidently follows
Corollary 4.2. The set of l7 functions Θi
[ ai
bi,2!ci,3!di
]
(l3z, l2τ, l1ρ, δ) for N = 4 and in the no-
tations of section 6 lp functions Θi
[ ai
b1,2!b2,3!b3,...,(N−1)!bN−1
]
(lN−1τ1, l
N−2τ2, ..., l
1τN−1, τN ) forN =
2m, p = 1+N(N−1)/2, is equivariant under action of subgroup Γl = (1, la, l
N−1b1, 2!l
N−2b2, 3!l
N−3b3, ..., (N−
1)!l1bN−1).
Corollary 4.3. There is a chain of tori
P l
p(N)−1
C
∂2nϕ(n)−→
←−
∂−2n ϕ(n)
P l
p(N−2)−1
C
∂2nϕ(n)−→
←−
∂−2n ϕ(n)
· · ·
∂2nϕ(n)−→
←−
∂−2n ϕ(n)
P l
p(4)−1
C
∂2nϕ(n)−→
←−
∂−2n ϕ(n)
P l
p(2)−1
C
where ϕ(n) = ϕ(n; τ1, τ2, ..., τN−1, τN ) that determines GTF and
∂2nϕ(n; τ1, τ2, ..., τN−1, τN ) = ϕ(n; τ3, τ4, ..., τN−1, τN , 0, 0).
5 Equations for generalized theta functions
GTF satisfies, besides well known heat equation, other equations, the simplest of which together
with heat equation are:
Θt −
1
4pi
Θzz = 0, 12piΘη −Θττ = 0, 48pi
2Θδ +Θτzz = 0,
4piΘη −Θττ +Θρz = 0, Θzzzz + 16pi
2Θττ = 0, 24pi
2Θρ +Θzzz = 0,
where τ = it, δ = iη.
In the first two processes we see that parameter δ plays for the parameter τ the role of
imaginary time so as τ for z. As t, η > 0, all ”times” flow ahead. We have succeeding heat
processes from regions of high parameters to the lower one. In these processes parameter τ has
space character relatively to higher parameter δ and the time character to the lower parameter z.
This is an example for parameter to have a meaning of ”a time” or ’a space’ is not absolute
but a relative one.
More interesting and not so trivial will be application of GTF for solutions of nonlinear partial
differential equations (NPDE). Classical TFs with linear form of variables in z argument and
arbitrary quadratic form of variables in phase parameter before TF give meromorphic solutions
of complete integrable NPDE using Hirota bi-differential method [1] and product formula for
CTFs. That is planned to consider in the next papers.
6 Generalized theta functions with unified view of parameters
Here we propose unified description of generalized theta function for any even number N = 2m
of parameters, denoting them by τ1 = z, τ2 = τ, ... and so on:
Θ (τ1, τ2, ..., τj , ..., τN ) =
∑
n∈Z
exp{2pii
∑
1≤k≤N
nk
k!
τk}. (9)
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Property of quasi-periodicity has the view:
TaΘ(τ1, τ2, ..., τN−1, τN ) =
= Θ

τ1 + ∑
1≤k≤N−1
ak
k!
τk+1, τ2 +
∑
1≤k≤N−2
ak
k!
τk+2, · · · , τN−1 + aτN , τN

 =
= exp{−2pii
∑
1≤k≤N
ak
k!
τk}
∑
n∈Z+a
exp{2pii
∑
1≤k≤N
nk
k!
τk} =
= exp{−2pii
∑
1≤k≤N
ak
k!
τk} ·Θa (τ1, τ2, ..., τN−1, τN ) . (10)
Denoting the sum in the exponent by ϕ (a) =
∑
1≤k≤N
ak
k! τk, for the new arguments of the
theta function we have ϕ′ (a) = τ1 +
∑
1≤k≤N−1
ak
k! τk+1 and ϕ
′ (0) = τ1, ϕ
(m) (a) = τm +∑
1≤k≤N−m
ak
k! τk+m, ϕ
(m) (0) = τm, that are connected by the recurrent relation ϕ
(k) (a) =
τk +
a∫
0
ϕ(k+1)da, the previous fomula takes the form:
TaΘ(τ1, τ2, ..., τN−1, τN ) = Θ
(
ϕ′ (a) , ϕ′′ (a) , · · · , ϕ(N−1) (a) , ϕ(N)
)
=
= exp{−2piiϕ (a)} ·Θa (τ1, τ2, ..., τN−1, τN ) , Ta1Ta2 = Ta1+a2. (11)
Action of translation operators S (b1, b2, · · · , bN ) and quasi-periodicity operators Ta are de-
fined as:
S (b1, b2, · · · , bN )Θ (τ1, τ2, · · · , τN ) = Θ (τ1 + b1, τ2 + b2, · · · , τN + bN ) , (12)
TaS (b1, b2, · · · , bN ) = exp{−2pii
∑
1≤k≤N
ak
k!
bk}S (b1, b2, · · · , bN )Ta, (13)
S (b1, b2, · · · , bN )S (c1, c2, · · · , cN ) = S (b1 + c1, b2 + c2, · · · , bN + cN )
and form extended Heisenberg group EHG(N) in N=2m dimensions.
Θ (τ1, τ2, · · · , τN ) function is invariant under translational subgroup S (b1, 2!b2, · · · , k!bk, · · · , N !bN ),
where bk ∈ Z.
Evident representation in the space of parameters analogous to the one in section 3 can be
marked as EHN+2(R).
7 Conclusions
Generalization of theta functions on any even number of analytic parameters is suggested that
conserve quasi-periodic properties and produce an extension of the Heisenberg group, and their
respective non-unitary representations are proposed.
According to [5] coherent states are theta functions and unitary representations of the Heisen-
berg group that is applicable for EHG so as possible applications of generalized theta functions
for solutions of non-linear equations by using precise values of roots and factorization of GTF
which are planed to be presented in the next papers so as their projective properties and many
dimensional many parameter generalization of theta functions.
GTF describes succeeding heat processes from regions of high parameters to the lower one.
In these processes imaginary parts of parameter τ2k has a time character relatively to a space
character of a lower parameter τk.
Above it was also shown that generalized theta functions with rational characteristics provide
projective embedding of tori C/Λ, where Λ = Z + Zτ + Zρ+ Zδ + · · ·.
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A Appendix: Proof of statement for GTF
Statement A.1: Finite series (1) with even number of terms N = 2m is absolutely and
uniformly convergent in any compact subset CN−1 × H, which in notations of variables as τk
denoted in section 6 is determined by:
|Im(τk)| < ckk!/2pi, k = 1÷ (N − 1); Im(τN ) > εN !/2pi
. Proof: Necessary conditions for convergence for ∀n are: |exp{2pii
∑N
k Im(τk)/k!n
k}| < 1,
that analogously to [1] may be represented as a result of consequent inequalities the last of
which is
exp(−εn(n − n1)(n − n2)...(n − nN−1) < 1,
for n > nN−1 > nN−2 > ... > n1, so the series on n converges and very quickly that is at the
same time a sufficient condition.
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